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Neutrino-photon processes, forbidden in vacuum, can take place in presence of a thermal medium or
an external electro-magnetic field, mediated by the corresponding charged leptons (real or virtual).
The effect of a medium or an electromagnetic field is two-fold - to induce an effective −γ vertex and
to modify the dispersion relations of all the particles involved to render the processes kinematically
viable. It has already been noted that in presence of a thermal medium such an electromagnetic
interaction translates into the neutrino acquiring a small effective charge. In this work, we extend
this concept to the case of a thermal medium in presence of an external magnetic field and calculate
the effective charge of the neutrino to odd orders in the magnetic field. We find that the effective
charge is direction dependent which is a direct effect of magnetic field breaking the isotropy of the
space.
I. INTRODUCTION
Neutrino mediated processes are of great importance
in astrophysics and cosmology [1]. Among them, pro-
cesses like  ! γ, and the cross-related reactions,
γγ ! ,  ! e+e− etc. become extremely im-
portant in medium |in particular reactions those are
highly suppressed/forbidden in vacuum, becomes allowed
in medium, acquiring great importance in astrophysical
situations involving the physics of compact steller objects
e.g white-dwarfs, Red-Giants, or neutron-stars.
On the other hand all these compact objects are known
to be associated with a magnetic eld whose strength
varies from object to object. In particular, all the neu-
tron stars or pulsars are known to be associated with a
magnetic eld whose strength seems to be dependent on
the age of the star. The survey of pulsars in the galac-
tic plane show that for pulsars of the age of 109 or 1010
years{ are usually associated with surface eld strengths
of the order of 108 Gauss. On the other hand the surface
magnetic eld strength for relatively younger ones (age
105 − 106 years) are of the order of 1012Gauss [2]. It
is usually conjectured {taking into account the conserva-
tion of surface magnetic eld of a proto-neutron star, that
during a supernova collapse, the magnetic eld strength
in some regions inside the nascent star, can reach upto
m2e  eB or more. Where me is the mass of an elec-
tron. Hence forth we would refer to eld strengths of
this magnitude as critical eld strength Bc.
It is also worth mentioning at this stage that, in recent
years there are quite a few suggestions in the literature,
that there might be stars whose eld strength can exceed
that of Bc. These class of compact objects come under
the name of Soft Gamma Repeaters (SGR). In references
[3{5] it has been claimed|based on the spin down time
scale{ that, these are newly born neutron stars, whose
surface magnetic eld , (e.g SGR 0526-66 SGR 1806-20)
is claimed to be as high as 1015 Gauss. These are termed
as magnetars [6]. The anamolous Xray pulsars are also
included in this family of stars [22].
In view of this , studies of neutrino properties in a mag-
netized medium seems to be interesting for astrophysical
situations. It is widely believed that neutrinos play a
crucial role during steller evolution. Because of eective
neutrino photon interaction in a medium, it is possible
that the neutrinos might dump a fraction of their energy
inside the star during steller evolution. For instance in a
type II supernovae collapse [20] neutrinos produced deep
inside the protoneutron star surge out carrying an eec-
tive energy  1052 ergs/sec. It is conjectured that the
neutrinos deposit some fraction of its energy during the
explosion through dierent kinds of neutrino electromag-
netic interactions, e.g,  ! γ,  ! e+e− {to name a
few (It is important to note here, that all these processes
are of order G2F ). However the amount of energy dumped
by these mechanisms to the mantle of the proto-neutron
star, seem to be barely sucient to blow the outer part
of the same.
Recently in a set of papers [23] it was conjectured that,
the freely streaming neutrinos from the supernova core
interact with the nonrelativistic electrons present in the
outer part of the core through collective interactions{
what is known in the standard plasma physics parlance
as two stream instability.
Neutrino wind driven [23] instability is believed to be
responsible for blowing up of the mantle of the supernova
core. Although according to standard model of particle
physics neutrinos do not carry any charge, but the curi-
ous fact is neutrinos in a medium acquires some induced
charge because of the following reason. When a neutrino
moves inside a thermal medium composed of electrons
and positrons, they interact with these background parti-
cles. The background electrons and positrons themselves
have interaction with the electromagnetic elds, and this
fact gives rise to an eective coupling of the neutrinos
to the photons. In this circumstances the neutrinos may
acquire an \eective electric charge" through which they
interact with the ambient electrically charged plasma.
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The main purpose of this paper is to provide an ex-
pression for the eective neutrino charge in a magnetized
plasma to odd orders in the external magnetic eld, in
a later publication we have the plan of calculating the
eective charge of the neutrinos to even powers of the
external eld. In the conclusion we would briefly dis-
cuss how the induced neutrino charge helps to develop
the neutrino wind driven instability (i.e the two stream
instability) responsible for deposition of energy in the
supernova mantle as is put forward in [23], [25], [24].
Although we would like to point out that this particu-
lar mechanism is frought with controversy; with dierent
groups claiming to have obtained dierent results. Since
the purpose of this paper is to deal with neutrino charge
in a magnetized medium, so we would not go into the
details of this issue.
The eective charge of the neutrino has been calcu-
lated previously by many authors [10,18,19,13]. In this
note extend their analysis to the situation where there is
a magnetized medium. Firstly the results of our analy-
sis shows that the neutrino eective charge in a magne-
tized medium (eνeff(eB)) is proportional to B=Bc, (where
Bc  1013 Gauss) which decides whether eνeff(eB) can ex-
ceed that of eνeff(eB = 0). The second interesting part
is,the eective charge can be direction dependent, which
is basically a manifestation of the fact that an external
eld always breaks the isotropy of the medium.
In order to nd it out we rst obtain the eective neu-
trino photon Lagrangian (details would be communicated
in a separate publiction [17]) in a magnetized medium by
integrating out the intermediate charged fermion lines,
and from there get the expression for the the correspond-
ing neutrino photon vertex in the static long wave length
limit, i.e for the photon k0 = 0 and j~kj ! 0.
II. FORMALISM
The o-shell electromagnetic vertex function Γλ is de-
ned in such a way that, for on-shell neutrinos, the γ
amplitude is given by:
M = −iu(q0)Γλu(q)Aλ(k); (1)
where, k is the photon momentum. Here, u(q) is the the
neutrino spinor and Aµ stands for the electromagnetic
vector potential. In general, Γλ would depend on k, and
the characteristics of the medium. We shall, in this work,
consider neutrino momenta that are small compared to
the masses of the W and Z bosons. We can, therefore,
neglect the momentum dependence in the W and Z prop-
agators, which is justied if we are performing a calcula-
tion to the leading order in the Fermi constant, GF . In





µ(1 + γ5)lνγµ(gV + gAγ5)lν ; (2)
where,  and lν are the neutrino and the corresponding
lepton eld respectively. For electron neutrinos,
gV = 1− (1 − 4 sin2 W)=2; (3)
gA = 1− 1=2; (4)
where the rst terms in gV and gA are the contributions
from the W exchange diagram and the second one from
the Z exchange diagram. Then the amplitude eectively
reduces to that of a purely photonic case with one of the
photons replaced by the neutrino current, as seen in the
diagram in g. 1. Therefore, Γν is given by:
Γν = − 1p
2e
GF γ
µ(1 + γ5) (gVµν + gA5µν) ; (5)
where, 5µν represents the vector-axial vector coupling
and µν is the polarisation tensor. In an earlier pa-
per [26] (paper-I henceforth) we have analysed the struc-
ture of µν , in a background medium in presence of an
uniform external magnetic eld to all odd orders (in B),
calculated at the 1-loop level. We shall use the results
of paper-I here to obtain the total eective charge of the
neutrinos under equivalent conditions. Because of the
electromagnetic current conservation, for the polarisation
tensor, we have the following gauge invariance condition:
kµµν = 0 = µνkν : (6)
Same is true for the photon vertex of g. 1 and we have
5µνk
ν = 0 : (7)
The eective charge of the neutrinos is dened in terms




u(q) Γ0(k0 = 0;k! 0)u(q) : (8)







Γ0(k0 = 0;k! 0) (1 + γ5) /q

(9)
where  = 1 is the helicity of the spinors.
It can be seen from eq.(9) that, in general, the eective
neutrino charge depends on µν(q) as well as on 5µν(q).
But in [18] it has been shown that the non-zero contri-
bution to the eective charge, in presence of a thermal
medium, comes only from the µν(k) part. On the other
hand, in the case of an external magnetic eld in vacuum,
it has can be shown [26] that µν(k) vanishes to odd or-
ders in B. Hence, to odd orders in the external magnetic
eld the contribution to the eective charge comes only






p + k  p0
FIG. 1. One-loop diagram for the effective electromagnetic
vertex of the neutrino in the limit of infinitely heavy W and
Z masses.
Similarly, µν(k) to odd orders in B is proportional to
"µναβk
β in a magnetised medium (see eq.(5.21) of paper-
I) and goes to zero in the limit k0 = 0;k! 0. Therefore,
in a magnetised medium, the non-zero contribution to
the eective charge of the neutrinos come solely from
5µν(k), to odd orders in the external eld, and the eec-






gA5µ0(k0 = 0;k! 0)
 trγµ(1 + γ5) (1 + γ5) /k} : (10)
III. RESULTS FROM THE 1-LOOP DIAGRAM
Since we investigate the case of a pure magnetic eld,
it can be taken in the z-direction without any further
loss of generality. We denote the magnitude of this eld
by B. Ignoring at rst the presence of the medium, the
electron propagator in such a eld can be written down




ds eΦ(p,s) G(p; s) ; (11)
where  and G are as given below








− jsj ; (12)














z = iγ1γ2 = −γ0γ3γ5 ; (14)
and we have used,
eieBsσz = cos eBs + iz sin eBs : (15)
Also here
/pk = γ0p0 + γ3p3









Of course in the range of integration indicated in eq. (11)
s is never negative and hence jsj equals s. In a back-
ground medium, the above propagator is modied to:














B(p)  γ0SV yB (p)γ0 ; (18)
for a fermion propagator, such that
SηB(p) = −F (p)
Z 1
−1
ds eΦ(p,s)G(p; s) : (19)
And F (p) contains the distribution function for the
fermions and the anti-fermions:
F (p) = (p  u)fF (p; ; )
+ (−p  u)fF (−p;−; ) : (20)
Here, fF denotes the Fermi-Dirac distribution function:




and  is the step function given by:
(x) = 1; for x > 0 ;
= 0; for x < 0 :
The expression for 5µν as computed using the propa-










′,s′)Tr [γµγ5G(p; s)γνG(p0; s0)] F (p)













′,s′)Rµν(p; p0; s; s0) (22)
where Rµν(p; p0; s; s0) contains the trace part.
A. Rµν to odd orders in magnetic field
We perform the calculations in the rest frame of the
medium where p  u = p0. Thus the distribution function
does not depend on the spatial components of p. In this



















− keα‖ sec2(eBs) tan2(eBs0)
tan(eBs) + tan(eBs0)

+ fgµν(p  ek)k + gνα‖peα‖kµ⊥g
 (tan(eBs)− tan(eBs0))
+ gνα‖k
eα‖pµ⊥ sec2(eBs) tan(eBs0)i (23)
where, in our convention
aµb
eµ‖ = a0b3 + a3b0
and
(a eb)k = a0b3 − a3b0
and +(p0) contains the information about the distribu-
tion functions, given by
+(p0) = F (p0) + F (−p0) (24)
which is an even function of p0.
IV. GENERAL ANALYSIS OF THE TENSORIAL




µν(k) = [gµνk2 − kµkν ] (k2) (25)
where (k2) is zero when k0 = 0; k ! 0. As a result, in
the specied momentum limit µν(k) reduces to zero.
The other contribution to charge coming from 5µν(k)
in vacuum vanish. This can be understood from the gen-
eral form factor analysis. This two indexed tensor can
be written in terms of gµν and µνλσ , and kλ. The par-
ity structure of the theory forbids appearence of gµν , so
the only available tensor we have at hand is, µνλσ . Now
only the other vector we have at hand to make it a tensor
of rank two is kλ; so as we contract µνλσ with kλ, kσ,
the corresponding term vanishes. And this completes the
proof, that in vacuum eective charge of the neutrino is
zero.
On the other hand, in a medium the polarisation tensor
can be expanded in terms of form factors as [10]
µν(k) = T Tµν + L Lµν + P Pµν (26)
where








egµν = gµν − kµkν
k2
(30)
euµ = egµρuρ (31)
Q =
p
(k  u)2 − k2 (32)
in the rest frame of the medium uµ = (1; 0; 0; 0). It is
easy to see that the longitudinal projector Lµν is not
zero in the limit k0 = 0; k ! 0 and L is also not zero
in the above mentioned limit. This fact is responsible
for giving nonzero contribution to the eective charge of
neutrino. The tensor structure of 5µν in a medium is of
the form "µναβ kαuβ and this part although is not zero,
dosent contribute to the zeroth component of Γν .
In a pure magnetic eld in absence of any medium the
calculation of both the quantities on which Γν depends
has been done [9], and both µν and 5µν tends to zero in
the external momentum going to zero limit giving no con-
tribution to the neutrino eective charge in a magnetic
eld.
In order to elaborate on this, we would like to draw
attention to the fact that {the magnetic eld dependent
part of the polarization tensor, with odd powers of mag-
netic eld would vanish in absence of matter, as a con-
sequence of Furrys theorem. The only contribution to
such terms would come from matter + magnetic eld
dependent part (One can show again from charge conju-
gation invariance that  with odd powers of magntic
eld is nonzero only in presence of a medium) and this
contribution is proportional to (see eqn. (5.21) Paper-
I) µνα||βk
β, which vanishes in the zero frequency long
wavelength limit.
A similar analysis of 5µν , in medium without magnetic
eld would show [18], that its contribution to eνeff = 0
leaving us with the possibility getting contributions from
just magnetized vacuum part and magnetized plasma
part.
The contributions from magnetized vacuum part for











(1 − v2)kµ‖ e ~Fkν
+R










cos vz − cosz
2z sin z
R =
1− v sin vz sin z − cos vz cos z
sin2z
(34)
Where, z = eBs and also note that the metric used in
eqn.[33] gµν = diag(−; +; +; +) and ~Fµν = 12µνλσFλσ.
It is obvious from the general tensor structure that in
the zero frequency and long wave length the all of these
tensors would vanish hence 5µν{in a magnetic eld would
not contribute to neutrino eective charge.
Our calculation is in a medium with a background
magnetic eld, where the background magnetic eld
enters{in odd powers{to all orders. In particular, we cal-
culate here 5µν in a magnetized medium and show that
in the relevent momentum limit, this term contributes to
neutrino eective charge. In order to bring this fact out,
we would like to state that, 5µν in a magnetized medium
can be written, in terms of general basis vectors available




























One can easily see that terms proportional to the prod-
uct of u’s is non zero in the static long wavelength limit,
rendering the contribution nite.
V. EFFECTIVE NEUTRINO CHARGE.
It is evident from eq.(10) that to nd the eective
charge of the neutrino to odd orders in the external mag-
netic eld we need only to calculate 5µ0 in the limit
(k0 = 0;k! 0).
From eqn.(23) it can be seen that in the above limit the
integrand in 500 contains terms which are proportional
to p0. As k0 = 0 so the exponentials in the integrand in
equation(22) are even in p0 and so is +(p0), this makes
the integrand in equation(22) odd in p0 and thus 500
vanishes.
Also
R(o)10 = −4i+(p0)[p3k1(tan(eBs)− tan(eBs0))
+ k3p1 sec2(eBs) tan(eBs0)] (36)
R(o)20 = −4i+(p0)[p3k2(tan(eBs)− tan(eBs0))
+ k3p2 sec2(eBs) tan(eBs0)] (37)
both of the above terms show that, after we integrate we
will have terms proportional to k3k1 and k3k2 in 510 and
520 respectively, as the intrgrals in p1 and p2 are Gaus-
sian, as we can see from the exponentials in equation(22).
In the limit k! 0 this terms also go to zero.
In the specied limit of vanishing external photon mo-
mentum only 530 remains to contribute for the charge.
















(k  p)k − 2p20

(tan(eBs) + tan(eBs0)): (38)
Concentrating on equation(38), it is noted that except
for the exponential factors the integrand is free of the per-
pendicular components of the momentum. This implies
that the the perpendicular components of the loop mo-
mentum can be integrated out.The exponential factors
can be written as,
(p; s) + (p0; s0) = k + ? ; (39)
where,
k = is (p2k −m2) + is0 (p02k −m2)− " jsj − " js0j ; (40)

















tan eBs tan eBs0


















tan eBs + tan eBs0 ; (42)
where we have neglected terms up-to O(k2?) since, to cal-
culate the eective charge of the neutrinos we ultimately
have to take the limit k ! 0. Hence, eq.(38) can be
written as



















(k  p)k − 2p20

: (43)








′ (p′2‖ −m2)−ε js′j
= 2i
(p2k −m2)
(p02k −m2) + i"
(44)
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we can write equation(43) as








(p02k −m2) + i"
 +(p0)

(k  p)k − 2p20

: (45)
The equation above consists of two integrals, which can






































where E2p = p
2 + m2. Now combining the above results
with that from equation(45) we get












gA (1− )530(k0 = 0;k! 0) cos  ; (49)
where,  is the angle between the magnetic eld and the
direction of the neutrino propagation. Finally when m >










(−1)n (1 + n)m K1[(n + 1)m]
 cosh((n + 1)) : (50)
To get a feeling of order of magnitude of the induced
neutrino charge, we can take the ratio of the two with
and without magnetica eld. In the limit of vanishing
chemical potential, it turns out to be:
eνeff (B)







(m)3K1(m) cos  (51)
As one can see from eqn. [51] that, the ratio BBc hold the
key to the question whether the neutrino eectie charge
can dominate that in a unmagnetized plasma. Since for
low temperature (as is the case with) stars, all the factors
except the ratio, can be taken to be of order unity, then
this ratio would determine whether it dominate neutrino
eective charge or not. We believe that since for magne-
tars this ratio is far larger than one, so there the neutrino
eective charge may have some interesting role to play.
VI. CONCLUSION
To conclude, we note that only the left-handed neu-
trinos acquire an eective charge. The induced charge
for the right-handed neutrinos vanish since they have no
weak interactions which mediate the eective electromag-
netic interaction.
Coming to more important issues, we note that, the
presence of a magnetic eld breaks the isotropy of the
system and introduces a preferential direction as a conse-
quence neutrinos propagating along the direction of the
magnetic eld acquire a positive charge whereas those
propagating in the opposite direction acquire a negative
charge. The net eect of this would then be the creation
of a charge current along the direction of the eld.
Interestingly, neutrinos propagating in a direction per-
pendicular to the eld would acquire zero eective charge.
This is in direct contrast with the case of a thermal
medium in absence of an external magnetic eld. In a
thermal medium neutrinos acquire an eective charge ir-
respective of their direction of propagation. Therefore
for isotropic neutrino propagation no net current is gen-
erated in that case unlike in the presence of a magnetic
eld.
It is worth mentioning here that a possible application
of our result could be to nd out the generation mag-
netic eld of neutron stars being produced in supernova
explosions as well as neutrino wind driven instability re-
sponsible for blowing up the outer mantle of supernova
as put forward by in [23].
The basic mechanism behind this process is as follows:
imagine the collision of two media having some ensemble
of plasma where one of them moves with a dierent cen-
ter of mass velocity with respect to the other. For such
a system if one tries to nd out the dispersion relation of
the plasmons, then, apart from the usual dispersion rela-
tion for the same there appears a new dispersion relation
that depends on the velocity with which the other one is
colliding with the one at rest. This is a well known sit-
uation discussed in many text books of plasma physics,
for instance one can refer to , [31,32]. Depending on the
situation, this new dispersion relation can show damping
or instability of the system and that would be a function
of the dierence in velocity between the two medium.
A full relativistic analysis of such system would re-
quire the formalism of Non-equilibrium quantum statis-
tical eld theory, where the velocity of one of the media
can be taken to be of the form, uµ = (1;~0) ( medium
at rest) and for the other the velocity is V µ where more
than one component of the vector V µ should be dier-
ent from zero (the medium in motion). The growth rate
of the plasmons, in such systems has been estimated us-
ing formalism of Finite Temperature quantum statisti-
cal eld theory [24] [25] as well as [23]. It is important
to note though, that the nite temperature statistical
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physics techniques [24] [25] show the damping/growth
rate coming from this new dispersion relation to be pro-
portional to G2F . On the other hand the growth rate
for the unstable plasmon mode{ calculated using plasma
physics techniques, show the same scaling as GF [23].We
plan to take up this issue in a future publication.
In conclusion, we have calculated the eective charge
of neutrinos in a weakly magnetized plasma, in the limit
m > . It is observed that the neutrino charge acquires
a direction dependence as a result of the presence of an
external magnetic eld and it is also proportional to the
magnitude of the eld strength present in the system.
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